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Abstract
The main result of Xiao et al. [Phys. Rev. Lett. 95, 137204 (2005)] follows from
Hamiltonian mechanics.
cond-mat/0509806, Phys. Rev. Lett. 96, 099701 (2006).
In a recent paper on the semiclassical dynamics of a Bloch electron, Xiao, Shi and Niu [1]
claim that, due to a Berry curvature term, Liouville’s theorem on the conservation of the phase-
space volume element would be violated, a fact which would have been overlooked so far. Then
they suggest to restore invariance by including a pre-factor.
This Comment points out that no modifications of the existing theory are needed.
Giving a Hamiltonian structure amounts indeed to giving a Hamiltonian and a Poisson-
bracket which satisfies the Jacobi identity; the equations of motion read ξ˙ = {H; ξ}, ξ = (ki, x
i)
[2]. The usual Hamilton equations, r˙ = ∂pH, k˙ = −∂rH, are only obtained when the coordinates
k, r are canonical, {xi, xj} = 0, {xi, kj} = δ
i
j , {ki, kj} = 0.
The system studied by Xiao et al. is Hamiltonian [3]: their equations of motion # (1a)-(1b)
derive indeed from the Hamiltonian H = ǫn − eV and the Poisson brackets
{xi, xj} =
εijkΩk
1 + eB ·Ω
, (1)
{xi, kj} =
δij + eB
iΩj
1 + eB ·Ω
, (2)
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{ki, kj} = −
εijkeB
k
1 + eB ·Ω
. (3)
The coordinates here are non-canonical, explaining the form of the equations of motion.
Let us emphasise that an “abstract” phase space carries no natural volume element : the
latter can only be defined through a symplectic form ωαβ, which is the inverse of the Poisson-
matrix ωαβ = {ξα, ξβ}. Then the symplectic volume element is, in terms of arbitrary coordinates
on phase space,
dV =
√
det(ωαβ)
∏
α
dξα. (4)
This is the usual dkdr only if the coordinates are canonical.
The general form of the Liouville theorem [2] says that the symplectic volume element is
invariant w.r.t. the Hamiltonian flow. For the system considered,
√
det(ωαβ) = 1 + eB ·Ω, (5)
precisely what Xiao et al. find. Liouville’s theorem is hence not violated and the origin of the
pre-factor is well understood. It has been used before, e. g., in [4], # (3.1).
The density of states associated with a distribution function is fdV . Putting fdV ∝ Ddkdr
yields, together with Eqns. (4) and (5) [3], the main result of Xiao et al., namely D ∝ f(k, r)(1+
eB ·Ω).
Later on, Xiao et al. study a planar system, their eqn. (17), which corresponds to a planar
charged particle in a magnetic field and constant Berry curvature. This system is consistent [5]
for any magnetic field, not only for a uniform B, as Xiao et al. say. The critical case eBθ = 1
is particularly interesting: det(ωαβ) = 0 and the system is singular. The symplectic (alias
Liouville) volume element, (4), vanishes [4]. The Hamiltonian reduction of the system leads to
a simple planar system where all motions follow the Hall law, whose quantization yields the
ground states of the Fractional Quantum Hall Effect [5].
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